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Abstract 
The eccentricity e(v) of a vertex v in a connected graph G is the distance between v and 
a vertex furthest from v in G. The center C(G) of G is the subgraph induced by those vertices of 
G having minimum eccentricity; the periphery P(G) is the subgraph induced by those vertices of 
G having maximum eccentricity. The distance d(v) of a vertex v in G is the sum of the distances 
from v to the vertices of G. The median M(G) of G is the subgraph induced by those vertices 
having minimum distance. For graphs F and G and a positive integer m, necessary and sufficient 
conditions are given for F and G to be the median and periphery, respectively, of some 
connected graph such that the distance between the median and periphery is m. Necessary and 
sufficient conditions are also given for two graphs to be the median and periphery and to 
intersect in any common induced subgraph. 
I. Introduction 
The distance d(u, v) between two vertices u and v in a connected graph G is the 
length of a shortest u v path in G. The eccentricity e(v) of a vertex v in a connected 
graph G is the distance between v and a vertex furthest from v in G; namely, 
e(v) = max,~v~G~d(v,u). The center C(G) of G is the subgraph induced by those 
vertices of G having min imum eccentricity; while the periphery P(G) is the subgraph 
induced by those vertices of G having max imum eccentricity. The radius r(G) of G is 
the min imum eccentricity among the vertices of G. For  a vertex v in a connected graph 
G, the distance d(v) of v in G is the sum of the distances from v to the vertices of G; that 
is, d(v) = ~,~ v i6~ d(v, u). The median M(G) of G is the subgraph of G induced by those 
vertices having min imum distance. In Fig. 1, a connected graph G is shown with its 
center C(G), median M(G), and periphery P(G). Furthermore,  the distance of each 
vertex is also indicated. 
Let F and H be subgraphs of a connected graph G. Then the standard distance 
d(F, H) between F and H is defined by 
d(F, H) = min{d(u, v)] u~ V(F), vc V(H)}. 
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For example, if we consider the graph G given in Fig. 1, then d(C(G), P(G))= 2. 
Observe that the distance between subgraphs is a generalization of the distance 
between two vertices; that is, if V(F) = {u} and V(H) = {v}, then d(F, H) = d(u, v). 
Several people have investigated which graphs can be the center or median of some 
connected graph, along with the relative location of the center and median. Hedet- 
niemi (see [2]) showed that every graph is the center of some connected graph; that is, 
for every graph G, there exists a connected graph H such that C(H) ~- G. Furthermore, 
Slater [7] proved that every graph is the median of some connected graph. Since the 
center and median are two ways of defining the 'middle' of a graph, one might expect 
the center and median of a graph to intersect or at least be 'close' to each other. Such is 
not the case, however, as Hendry [4] proved that for every two graphs F and G, there 
exists a connected graph H such that C(H) _~ F and M(H) ~- G, where C(H) and M(H) 
are disjoint. Holbert [5] extended this result by showing that for every two graphs 
F and G and positive integer k, there exists a connected graph H such that C(H) ~ F, 
M(H) ~- G, and d(C(H), M(H)) = k. Thus, the standard istance between the center 
and median of a graph can be arbitrarily large. On the other hand, these subgraphs 
can be arbitrarily close. Novotny and Tian [6] proved that for any three graphs F, G, 
and K, where K is isomorphic to an induced subgraph of both F and G, there exists 
a connected graph H such that C(H) ~- F, M(H) ~- G, and C(H)c~M(H) ~- K. 
Not every graph is the periphery of some graph, however. Bielak and Syslo [1] 
proved that a graph G is the periphery of some connected graph if and only if no 
vertex of G has eccentricity 1 or all vertices of G have eccentricity 1. 
There are analogous definitions involving digraphs. The results of Hendry [4], 
Holbert [5], and Novotny and Tian [6] involving graphs were extended to digraphs 
in [3]. For every two asymmetric digraphs D1 and O2, there exists a strong asymmet- 
ric digraph H such that C(H) "~ DI and M(H) ~- D2, and where the directed istances 
from C(H) to M(H) and from M(H) to C(H) can be arbitrarily prescribed. 
Furthermore, if K is a nonempty asymmetric digraph isomorphic to an induced 
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Fig. 1. 
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subdigraph of both D, and 02, then there exists a strong asymmetric digraph F such 
that C(F) ~ D1, M(F) ~- D2, and C(F)c~M(F) ~- K. 
There are similar results involving the median and periphery of a digraph [8]. For 
asymmetric digraphs D and F, there exists a strong asymmetric digraph H such that 
M(H) ~ D and P(H) _~ F, where the directed distances from M(H) to P(H) and from 
P(H) to M(H) can be arbitrarily prescribed. Furthermore, if K is a nonempty 
asymmetric digraph isomorphic to an induced subdigraph of D and F, then there 
exists a strong asymmetric digraph H such that M(H)~-D, P (H)~ F, and 
M(H)c~P(H) ~- K. The median is one way of defining the 'middle' of a graph while the 
periphery is one way of defining the 'exterior' of a graph. Thus, one might expect hat 
the median and periphery of a graph to be disjoint and, in fact, at large distance from 
each other. This is not the case. In the next section, we investigate which pairs of 
graphs can be the median and periphery, respectively, ofsome connected graph H and 
determine the possible distances between the median and periphery of H. In the last 
section, we determine how the median and periphery of a graph can intersect. 
2. Connected graphs with distant median and periphery 
Our first result states that if we are given any graph F, then there exists a connected 
graph H such that the median of H is F; that is, any graph is the median of some 
connected graph. In addition, the distance between any two vertices of H is at most 2. 
We will use the simplified notation d(u, F) to represent he subgraph distance 
d(({u}), F). 
Lemma 1. For any graph F, there exists a connected graph H such that M(H) ~- F and 
dH(u, v) <<. 2..for all u, v ~ V(H). 
Proof. Define a connected graph Ho by joining a new vertex w to F. Let m~(Ho) = 
max{dHo(X) lX~ V(F)}, m6(Ho) = min {d~to(X) lX ~ V(F)}, and n = mA(Ho) -- ma(Ho). If 
n =0,  then let G = Ho. For n ~> 1, let SA(Ho)= {xeV(F) lduo(X)= mA(Ho)}. We 
define a connected graph H,  (see Fig. 2) by 
and 
V(H1) = V(Ho)u{x,} 
E(H,) = E(Uo)w{x,w}w{zx, ]z ~ SA(H0)}. 
From the construction of H1, we have eu,(w) = 1 and, thus, dH,(u, v) ~< 2 for all 
u, ve V(H1). It also follows that for z~S~(Ho), 
dH,(z) = 1 + duo(Z) = 1 + mA(Ho). 
Similarly, for z ~ V(F) - Sa(Ho), 
du,(z) = 2 + d~io(z) >1 2 + ma(Ho), 
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HI:  
Fig. 2. 
and there exists some vertex Zle V(F) -  SA(Ho) such that drip(z1)= 2 + m~(Ho). 
Define m~(H~) = max{dH,(X) lX ~ V(F)} and m~(H~) = rain {dH,(X) lX ~ V(F)}. Then 
mj(H~)= 1 +mA(Ho) and m~(HO=2+m~(Ho) ,  from which it follows that 
mA(HI ) -  mo(H1) = n -- 1. Let SA(HI) = {xe V(F)I dn, (x)= m~(H1)}. Observe that 
S~(HI) = S~(Ho)w{x e V(F) -- S~(Ho) ldHo(X) = m~(Ho) - 1}. 
Now define a connected graph H 2 by 
V(H2) = V(H1)w{x2} 
and 
E(H2) = E(n l )u{x2w}~{zx2 J z~ s~(n,)}. 
By a similar argument, it follows that mA(H2) -- ma(H2) = n - 2. By repeating this 
process n -  2 times and letting G = H,, we conclude that rn~(G)= m~(G). Thus, 
de(u) = de(v) for all u, v ~ V(F). Furthermore, from the construction of G, it follows 
that de(u, v) ~< 2 for all u, v ~ V(G) and d(z, F) = 1 for each z e V(G) - V(F). 
Now suppose that de(u)= k for all ue V(F). We construct a connected graph 
H from G by joining k + 2 new vertices vi(1 ~< i ~< k + 2) to F (see Fig. 3). 
Since de(u, v)~< 2 for all u, v~V(F) ,  it follows that de(u, v )= dn(u,v). So for 
u ~ V(F), we have 
du(u) = (k + 2) + de(u) = 2k + 2. 
For 1 ~< i ~< k + 2, it follows that 
dH(V3 = 2(k + 1) + I V(F)I + ~ d(vi, x) >~ 2k + 3. 
xe V(G) - V(F) 
If u~ V(G) -- V(F), then 
dH(U) = 2(k + 2) + ~ d(u,x) >>. 2k + 5. 
xeV(G) 
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H: 
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Fig. 3. 
Therefore, M(H) ~- F. To complete the proof, we must show that dn(u, v) ~< 2 for all 
u, v~ V(H). Since da(x, y) ~< 2 for all, x, y~ V(G), it follows that dn(x, y) ~< 2. It is clear 
from the construction of H that for xe  V(F), we have d(vl, x) = 1 (1 ~< i ~< k + 2) and 
d(vi, vj) = 2(1 ~< i < j  ~< k + 2). Since da(z, F) = 1 for each z~ V(G) - V(F), we com- 
pute d(vi, z) = 2 for 1 ~< i ~< k + 2. Thus, dn(u, v) ~< 2 for all u, v~ V(H). [] 
We are now prepared to determine the distance between the median and the 
periphery of a connected graph. Recall that the distances from the median to the 
periphery and from the periphery to the median in a strong asymmetric digraph can 
be arbitrari ly prescribed. One might expect a similar result for graphs, but this is not 
the case. 
Theorem 2. Let F and G be any two graphs, and let m be a positive integer. Then there 
exists a connected graph H such that M (H) _~ F and P(H) ~ G with d(M (H). P(H)) = m 
if and only tf(1) r(G) >. 3 and m < r(G) or (2) r(G) = 2, m = 1, and F is a complete graph. 
Proof. First assume that r(G)>~ 3 and m < r(G). From Lemma 1 there exists a 
connected graph HI  that contains F as an induced subgraph such that M(H1) ~ F 
and dn,(u,v)<~2 for all u, veV(Hl) .  Assume that V(G)=[v l ,v  2 . . . . .  vpl. Let 
r = [ _ [ r (G) -1 ] /2 J  and t= [ _ [ r (G) -4 ] /2 J .  For  r(G)>~4~ we define a connected 
graph H 2 by 
V(H2)= V(H1)wV(G)w{vj.i]I <.j<~p, 1 <~i<~r I 
k..){W1, W2}t.-){Vl.r+i] l ~ i ~ t} 
and 
E(H2)=E(H1)wE(G)w{vj. ivj. i+ll l  <<.j<<.p, I ~ i<<.r -1}  
w{v,v,.1]l ~< i ~< p}W{V,.rVl.r+I] 1 <~i<~p,t>~ 1}
W{Vi.,Wj]I <~i<~p, 1 <~j<~2, t=O}w~tVl.r+twi]a <~i<~2, t >~ 1} 
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u{~l,iol.i+ 1 I r + 1 < i < Y + t - l)U{W,y 11 d i d 2, YE V(H,)) 
u{~~.~yI i = m - 1, YE V(H,), 2 d m d r(G) - 2) 
u{u~yIy~ J’/(HI), m = Iju{Ui,rVj,rl1 < i <j d p, r(G) odd} 
(see Fig. 4(a) and (b)). For r(G) = 3, we define H, (see Fig. 4(c)) by 
V(HJ = J’(HI)Uv(G)u{ui, 1 I 1 G i B p] 
and 
E(HA = E(HI)LJE(G)u{~u~,I I1 <i ,< p)u{~~y(y~ P’(Hl),m = 13 
U{“~,lQj.II1 ~i<jdp)U(ZJi~xJl di,<p,XEV(H1)}. 
Since &,(X, Y) d 2 for all x, y E V(HJ and wi (i = 1,2) is joined to all vertices of H, , 
it fdows that dH,(x, y) = &,(x, y) and dH,(x, z) = dH,(y, z) for all x, ye V(H,) and 
“l,r-I Yl,r 
. . . 
V2,r -1 “2,r 
. . . Vl,r+l 
Es+ 
. . . . . . . . 
“l,r+2 
vl,l 
v1 
VI,2 
v2 
y2,1 v22 CE G: :: . . . vP vP,l vp.2 
Fig. 4. (a) The graph H, with r(G) > 6, r(G) even, and m = r(G) - l.(b) The graph H2 with r(G) > 7, r(G) 
odd, and m = r(G) - 1. (c) The graph H2 with r(G) = 3 and M = 2. 
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zc  V(Hz) - V(HI). Thus, for u, ve  V(F), we have 
dtfe(u) = du,(u) + ~ du:(u, x) = din(v) + ~ du:(v, x) 
xeV (H z) - V IHt) xeV  (H,) - V (H O 
= dH:(V). 
In addit ion, for ue V(F) and vc V(H1) - V(F), it follows that 
d,,.(ul = d.,~u) + y d,,~(u, x} < a,,,(v) + y~ d.~fc, x) 
xeV (H2) - V (H~) xeV (H,D- V (HO 
= din(v). 
Assume that dm(x ) = k for all xe  V(F). Let n = 2k. Now define a connected graph 
H by 
V(H) = V(Hz)u{ui l  l <~ i <~ 2n} 
and 
E(H) = E(H2)w{ulxl  <, i <~ 2n, x~ V(H1)I 
t.-){U2i-lWl,U2iW2[ 1 <~ i <, n,r(G) >~4} 
k-)[U2i IU I ,1 ,  Uz iW2,111 ~ i ~ H, r(G) >~ 3 ~ 
From the construct ion of H, it follows that dn(x, y) = dm_(x, y) for all x, ye  V(H2).  For  
x~ V(H1), we have 
2n 
du(x) = dlt~(x) + ~ d(x, ui) = dm_(x) + 2n. 
i=1 
So, for x~ V(F) and ye  V(H1) - V(F), we conclude that dH(X) = k + 2n = 5k and 
du(y) > 5k. Also, for ze  V(H) - V(H1), it follows that du(z) > 5k. Thus, M(H) ~- F. 
We now show that P(H) ~- G. Observe that for each vie V(G) there exists vie V(GI 
such that da(vi, vj) >~ r(G). But. 
du(vi, t'j) = d(vi, Vi.r) + d(t;i.r, v j•.) + d(vi.r, v j) = r(G). 
Thus, for each vie V(G), we have eu(vi) = r(G). Also, it follows from the construct ion 
of H that eu(x) < r(G) for x E V(H) - V(G). Therefore, P(H) ~ G. Furthermore,  it is 
clear from the construct ion of H that d(M(H), P(H)) = m. 
Now assume that r(G) = 2, m = 1, and F is a complete graph. We define a con- 
nected graph H by jo in ing all vertices of F to the vertices of G. It is clear from 
the construct ion of H that for xe  V(G) and ye  V(F), we have e(x) = 2 and e(y) = 1. 
F rom this, we conclude that M(H) ~ F, P(H) ~- G, and d(M(H), P(H)) = 1. 
For  the converse, assume that there exists a connected graph H such that 
M(H) ~- F, P(H) ~ G, and d(M(H),P(H))  = m >~ 1. Observe that i fx~ V(P(H)) and 
3'6 V (H) such that d(x, y) = eu(x), then y e V (P(H)) and eu(x) = d~(x, y). Since there is 
some ze  V(P(H)) such that eG(z) = r(G), we have eu(x) <~ r(G) for each xe  V(P(H)). 
Thus, for each xe  V(P(H)) and y~ V(H) - V(P(H)), it follows that d(x, 3') < r(G), 
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namely, d(P(H), M(H)) = m < r(G). From this, it is clear that r(G) ~ l. If r(G) = 2, 
then en(x) < r(G) for each x ~ V(H) - V(P(H)). Thus, F is a complete graph. [] 
3. Connected graphs with intersecting median and periphery 
Let F1, Fz, and K be graphs with K isomorphic to an induced subgraph of both 
F1 and F2. We define the superyraph set S(F1, F2; K) by 
S(F1, F2; K) = {GI HI and H2 are induced subgraphs of G, H1 ~- F1 and 
H 2 ~- F2, (V(H1)r'3V(H2)) ~- K, and V(G) = V(H1)~)V(H2) }.
In Fig. 5, we are given graphs F1, F2, and K along with G1, G2, and G3, which are the 
three possible ways of overlapping F1 and F 2 with intersection K; that is, 
S(F1, F2; K) = {G1, G2, G3). We now give necessary and sufficient conditions for the 
median and periphery of a graph to intersect. 
Theorem 3. Let F1, F2, and K be graphs where K is isomorphic to an induced subgraph 
of both F1 and F 2. Then there exists a connected graph H such that M(H) ~= FI, 
P(H) ~- F2,  and M(H)~P(H)  ~- K if and only if 
(1) there is some graph G~S(Ft, F2; K) such that for each x~ V(F2), there exists 
y 6 V(F2) with de(x, y) >~ 3, or 
(2) e(x) = 2for each x~ V(F2) and m(F2) ~- F1 ~- K, or 
(3) e(x) = l for each x~ V(Fz) and F2 ~- F1 ~ K. 
Proof. Assume that condition (1) holds and V(F2)= {Ul,U 2 . . . .  ,Ur}. We show 
that there exists a connected graph H such that M(H)~-F1,  P(H)~-F2,  and 
M(H)c~P(H) _~ K. We start by constructing sets B1 and B2 by Algorithm Partition 
Vertices with the property that BlwB2 = V(F1), BlaB2 = 0, and for each xeB inK ,  
there exists ye V(F2) -- Bi such that do(x, y) i> 3 for 1 ~< i ~< 2. 
F 1 : ~ F2: g~ 
Fig. 5. 
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Algorithm Partition Vertices: 
If FI  ~ K, then 
Let B1 = {vl}, and let B 2 ---- 0- 
I f  F1 gK ,  then 
If vl e V(K), then 
Let B1 = 0, and let B2 = {vl}. 
If vl e V(F1) -- V(K), then 
Let B1 = {vl}, and let B2 = O. 
For i = 2 to p, 
If vie V(F1) - V(K), then 
Let B1 +-- BlVO{vi}. 
If vie V(K), then 
If dn,,(vi, x) ~< 2 for all xeBzc~V(K) ,  then 
Let B2 +- B2•{vi}. 
If dHo(Vi, x) ~> 3 for some xeB2c~V(K) ,  then 
Let B1 ~ B1u{vl}. 
We define a connected graph H0 (see Fig. 6) by 
V(Ho) = V(G)vo{u/[ 1 <~ i ~ 4r} 
G 
Fig. 6. 
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E(Ho) = e(G)u{u[ujl  l <~ i < j <<. 4r} 
u{u;xl  1 <~ i <~ 4r, xe  V(F,) - V(K)} 
g{UiUt4.i-jl 1 <<. i <<. r, O <~ j <~ 3} 
w{uiu~jlda(ui, uj) >~ 3, i >j ,  ui, uj~Bk, k = 1, 2}. 
Observe that [ V(F2) I >t 2 and, thus, I V(Ho) I/> 8. We consider two cases for the 
order of F1. 
Case 1: Assume that I V(F1)I =p~>2.  In addition, suppose that V(FI) = 
{va, v2, . . . ,  vp} and dHo(Vi) = nl for 1 ~< i ~< p. Let n = min{nil 1 ~< i ~ p}, and let A~ be 
a set of n~ - n + 1 new vertices, where AinA j  = 0 for 1 .N< i ~ j ~< p. Let t = Zf= ~ I Ail. 
We define a connected graph H~ (see Fig. 7) by 
V(H~) = V(Ho)w(S J l  Ai)  
and 
E(H1) = E(Ho)u{vlx[1 <~ i <. p, xeA i}  
w{xy lx  EA~, y~ V(H1) -- V(G), 1 <~ i <~ p}. 
HI:  
K t 
K4r  
Ui + 1 
U r 
Fig. 7. 
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For  1 ~<i<k~<p,  wehave  
d.,(~,,) = d.~,(~,,) + y. d(v,. x) = . ,  + ~ d(~,,, x) + y~ d(n, .~) 
Xe V(H1)  - V (Ho)  x~A,  xE A i 
j# i  
P 
=ni+(n l - -n+ 1)+2 ~ (n j - -n+ 1)=n- -1  +2 ~ (n j - -n  + 1) 
j f - i  /= l  
= nk + (nk -- rt + 1) + 2 ~ (nj -- n + 1) = n k + ~ d(Vk, X) 
j~  k xeAk  
+ ~ d(Vk, X) = duo(vk) + ~ d(vk, x) = du,(Vk). 
xEA j  x~ V(H, )  - V(H(,) 
j zak  
Suppose that dn,(v~) = m for 1 ~< i ~< p. We now define a connected graph H (see 
Fig. 8) by 
V(H) = V(H1)~{wi,  xi, yi,zil l <~ i <~ m} 
and 
E(H) = E(Hl)u{wix2, yizj, wizi, xiyil 1 <~ i, j <. m} 
H:  
w~ w 2 ~ o ~  i) x 
, ,  o . . . o  N o o . . .  o \ i 
. . i  . . J  / '  
I 
(, 0 • • • 0 0 o • • • 0 
,.Zl Zz Zm "~ ~'Y l  Y2 Ym. 
Fig. 8. 
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u{xwl, xz i l x~B, ,  1 <~ i <~ m}vo{xxl, xyi lx~B2, 1 <~ i ~ m} 
w{u'4i-3wj, u'4i-zxj, u'4i-lYj, u•izjl 1 <<. i <<. r, 1 <<.j <~ m}. 
For  1 ~< i ~< p, we compute 
dH(Vi) = dn,(vi) + ~ [d(vi, wj) + d(vi, x i) + d(vi, yj) + d(vl, zj)] = 7m. 
j= l  
For  ye  V(H1) - V(F1), we have 
d(y, x) + ~, [_d(y, wj) + d(y, xj) + d(y, yj) + d(y, zj)] > 7m. 
j= l  
dH(y) = Z 
x~V(HI) 
I f l  < j<m,  then 
[d(wj, wi) + d(wj, xl) + d(wj, Yi) + d(wj, zi)] + d(wj, xj) 
l <~i¢-j<~m 
+ d(wj, yj) + d(wj, zj) + ~ d(wj, x) > 7m. 
xeV(HO 
By a similar calculation, it follows that d(xj) > 7m, d(y~) > 7m, and d(zj) > 7m for 
1 ~<j ~< m. Thus, M(H) ~- F1. The graph H was constructed in such a way that 
ell(X) = 3 and ell(y) = 2 for x~ V(Fz) and y~ V(H) - V(F2). Therefore, P(H) ~ Fz. 
Fig. 9. 
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Case 2: Assume that I V(F~)[ : 1. Suppose that dno(Vl) = m. We define a connected 
graph H (See Fig. 9) by 
and 
V(H) = V(Ho)u{yl, z, l l ~< i ~< m} 
E(H) = E(Ho)w{viyl ,  vlzil l ~ i ~ m} 
[ t t t t 
w~u4i-3yj, u4i-2zj, u4i-xzj, u,~iYjl 1 <~ i ~ r, 1 <~j ~ m}. 
By calculations imilar to those in Case 1, we find that 
dn(vl) = 3m 
and 
dn(x) > 3m for xeV(H) -  {vl}. 
Thus, M(H)  ~- F1. Again, by the construction of H, we have en(x) = 3 and en(y) = 2 
for xe  V(F2) and ye  V(H) - V(F2); that is, P(H) - F2. 
If condition (2) or (3) holds, then it is clear that the graph H ~_ F2 has the desired 
properties. 
We now prove the converse. Suppose that there exists a connected graph H such 
that M(H)  ~- F1, P(H) ~- F2, and M(H)c~P(H) ~- K. If there exists x e V(F2) with 
ev:(x) = 1, then all vertices in P(H) have eccentricity 1; that is, P(H) ~- H ~ F2. In 
addition, each vertex of H has the same distance. Thus, M(H) ~- H ~- FI and state- 
ment (3) holds. 
In the next case, we assume that F2 has no vertices of eccentricity 1. Furthermore, 
suppose that for each GsS(Fx ,  F2; K), there exists xe  V(F2) such that for each 
y~ V(F2) , we have de(x, y) ~< 2. Since 
diam H ~< max{de(x, y) lx, y ~ V(F2), G s $(F1, F2; K)}, 
it follows that e(x) = 2 for all xe  V(P(H)). In addition, for each yE V(H) -- V(P(H)), 
we have e(y) = 1 and ye  V(M(H)). So all vertices of M(H)  have eccentricity 1 or no 
vertices of M(H)  have eccentricity 1. Since K is an induced subgraph of F2, it has no 
vertices of eccentricity 1, which implies that all vertices of M(H)  have eccentricity 2. 
Thus, H has no vertices of eccentricity 1 and P(H) ~_ H ~ G ~- F 2. Consequently, 
F~ ~ K and M(F2) ~= M(H)  ~- F1, which completes the proof. []  
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